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I n  a massive s p a c e c r a f t ,  such  as w e  have  i n  t h e  
A A P  c l u s t e r ,  crew motion d i s t u r b a n c e s  may b e  t rea ted  as 
f o r c e s  and moments a p p l i e d  t o  s p e c i f i c  p o i n t s .  H e r e t o f o r e  
these  f o r c e s  and moments have been  d e s c r i b e d  b y  d e t e r m i n i s t i c  
waveforms. (1) (2)  These waveforms are s u i t a b l e  f o r  s t u d y i n g  
t h e  t r a n s i e n t  r e s p o n s e  of a p o i n t i n g  c o n t r o l  s y s t e m  such  as 
on t h e  ATM. They are n o t  a p p r o p r i a t e ,  however, f o r  d e t e r m i n i n g  
t h e  l o n g  term s y s t e m  performance by a c r i t e r i o n  such  as the 
mean-square p o i n t i n g  e r r o r .  For t h i s  r e a s o n  MSFC i s  now 
d e v e l o p i n g  s o  c a l l e d  s t a t i s t i c a l  models o f  crew mot ion .  These 
are j u s t  t h e  power s p e c t r a l  d e n s i t i e s  of f o r c e s  and moments 
f o r  c l a s s e s  of  crew motion.  

I n  o r d e r  t o  make use of  these  models i n  the Bellcomm 
s i m u l a t i o n  o f  p o i n t i n g  c o n t r o l  s y s t e m s ,  ( 2 )  a t e c h n i q u e  i s  
needed for t h e  d i g i t a l  s i m u l a t i o n  of a random process w i t h  a 
s p e c i f i e d  r a t i o n a l  power s p e c t r a l  d e n s i t y .  T h i s  memorandum 
d e s c r i b e s  such a t e c h n i q u e .  The o r d e r  of o u r  d i s c u s s i o n  w i l l  b e :  

(1) F i n d i n g  t h e  t r a n s f e r  f u n c t i o n  of a l i n e a r  f i l t e r  
which has t h e  p r o p e r t y  t h a t  i t s  o u t p u t  has a s p e c i -  
f i e d  power s p e c t r a l  d e n s i t y  when i t s  i n p u t  i s  a 
s p e c i f i e d  random p r o c e s s .  

( 2 )  F ind ing  t h e  d i f f e r e n t i a l  e q u a t i o n  r e p r e s e n t a t i o n  
of  t h e  f i l t e r .  

( 3 )  S i m u l a t i n g  t h e  s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  
when white  n o i s e  i s  t h e  i n p u t  ( 3 )  . 

( 4 )  T e s t i n g  t h e  s i m u l a t i o n  ( 4 )  . 
( 5 )  Example. 

1. TRANSFER F U N C T I O N  OF A LINEAR FILTER 

Befo re  g o i n g  i n t o  d e t a i l  on t h e  g e n e r a t i o n  of a 
random p r o c e s s ,  w e  want t o  p o i n t  o u t  t h a t  i t  i s  a l w a y s  p o s s i b l e  
t o  f i n d  the  t r a n s f e r  f u n c t i o n  o f  a l i n e a r  f i l t e r  which produces  
a random p r o c e s s  w i t h  a g i v e n  r a t i o n a l  power s p e c t r a l  d e n s i t y  
when d r i v e n  b y  a s p e c i f i e d  random p r o c e s s .  
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If one i s  g i v e n  a r e a l  po lynomia l  S ( w )  such  t h a t  
there  e x i s t s  a r ea l  polynomical  R ( w ) ,  w i t h  t h e  p r o p e r t y  t h a t  
S ( W )  = R ( j w )  R ( - j w ) ,  t h e n  it w i l l  b e  p o s s i b l e  t o  un ique ly  
de t e rmine  R by m u l t i p l y i n g  R ( j w )  R ( - j w )  and e q u a t i n g  c o e f f i c i e n t s  
o f  w f o r  k=O, ... n ,  where n i s  t h e  o r d e r  of S(o). T h i s  p r o c e s s  
y i e l d s  n + l  e q u a t i o n s  i n  n + l  unknowns, which have unique s o l u -  
t i o n s .  T h e r e f o r e ,  s i n c e  a r a t i o n a l  power s p e c t r a l  d e n s i t y  func-  
t i o n  S ( w )  i s  a r a t i o  o f  t w o  such polynomia ls  Sl(w)/S2(w), t h e  

t r a n s f e r  f u n c t i o n  of a l i n e a r  f i l t e r  P(jw)/Q(jw) can b e  u n i q u e l y  
de t e rmined .  

k 

2 .  DIFFERENTIAL EQUATION REPRESENTATION OF FILTER 

For  t h e  remainder  of t h i s  d i s c u s s i o n  i t  w i l l  b e  
assumed t h a t  w e  want t o  s i m u l a t e  a random p r o c e s s  u s i n g  a f i l -  
t e r  w i t h  a known r a t i o n a l  t r a n s f e r  f u n c t i o n .  T h e r e f o r e  i f  n ( t )  
i s  some random i n p u t  s i g n a l  we have  

I n p u t  -+ F i l t e r  -f o u t p u t  

k 

+ a s + .. + anSn 

bo + blS t .. + bKS 
+ Y ( t >  P(S) - 

r l ( t )  -f - - Q ( S )  
aO 1 

where y ( t >  i s  the des i red  random p r o c e s s ,  and k < n .  P(S)/Q(S) 
r e p r e s e n t s  t he  Laplace  t r ans fo rm of t h e  i m p u l s i v e  r e sponse  of 
t h e  f i l t e r .  We would now l i k e  t o  f i n d  t h e  l i n e a r  d i f f e r e n t i a l  
e q u a t i o n  which a l s o  r e p r e s e n t s  t h i s  f i l t e r .  

We may wr i t e  

k Y(S) = rl(S) (bo + blS + .. t bkS ) 
aO + alS t .. + anSn 

L e t t i n g  

Q ( S )  
x p  = n-1 + Sn ao/an + al/an S + .. + an-l /anS 

w e  g e t  

k 
y ( S )  = l /an (bo + blS  + .. + bkS 1. xl(s) 
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By r e a r r a n g i n g  terms i n  t h e  d e f i n i t i o n  o f  
X1(S) w e  have 

1 a. a 
a an n 

- x p  + - SX1(S) i- .. + snx l (S )  = n(s). 

Taking  t h e  i n v e r s e  Laplace t r a n s f o r m  y i e l d s *  

a 
( t )  n-1 (n-1)  

a 
aO al (1) - X l ( t )  + - x p  + . . *  + - x1 
an an n 

and l e t t i n g  

w e  get  

- a. an- 1 
xn an an 

xn - n ( t >  - - XI - ... - - 
n d"x * x ( t )  = - 

d t n  
1 



BELLCOMM, I N C .  - 4 -  

T h e r e f o r e  w r i t i n g  i n  m a t r i x  n o t a t i o n  w e  have 

X = A X t G n  

where 

A =[ 

and 

t 

G =  

0 1 0 . .  . o  
0 0 1 0 .  . o  

aO 

an an 
- -  - - -  

y =  M T X  

The e q u a t i o n  f o r  y comes from the  d e f i n i t i o n  for 
X and t h e  f a c t  t h a t  

The above a rgumen t  i l l u s t r a t e s  how t o  f i n d  t h e  l i n e a r  
d i f f e r e n t i a l  e q u a t i o n  t h a t  r e p r e s e n t s  a g i v e n  r a t i o n a l  t r a n s f e r  
f u n c t i o n .  T h e r e f o r e ,  i f  w e  can f i n d  a random p r o c e s s  which i s  a 
s o l u t i o n  of t h e  d i f f e r e n t i a l  e q u a t i o n  X = AX t Gn w e  a l s o  have  

t h e  random p r o c e s s  y ,  s i n c e  y = M T X .  

3. S I M U L A T I O N  OF THE RANDOM PROCESS(3) 

It i s  known t h a t  

0 
Jt 

i s  t h e  s o l u t i o n  t o  X ( t )  = A X ( t )  + G ( t )  n ( t ) ,  where to  i s  an  
a r b i t r a r y  s t a r t i n g  t i m e  and $ ( t , to )  i s  t h e  s t a t e  t r a n s i t i o n  
m a t r i x .  $( t , to)  s p e c i f i e s  t h e  e v o l u t i o n  o f  t h e  s y s t e m  from 
t i m e  to t o  t i m e  t ,  and h a s  t h e  f o l l o w i n g  p r o p e r t i e s :  
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a .  +(to,to) = I ( i d e n t i t y  m a t r i x )  

S i n c e  t h e  e i g e n v a l u e s  of  A have  n e g a t i v e  rea l  p a r t s *  
w e  know t h a t  f o r  any f i n i t e  t, $ ( t ,  -m) = 0 .  A l s o ,  u s i n g  
r e l a t i o n s  ( a )  and ( b )  w e  see t h a t  

Thlrls I S I - A I  = 0 i s  t h e  c h a r a c t e r i s t i c  e q u a t i o n  o f  t h e  f i l t e r ,  

Now i n  e x p r e s s i o n  (11, $( t , t o )  and G are 
d e f i n e d .  Expres s ion  (1) i n d i c a t e s  t h a t  the v a l u e  of X for 
any t>to depends on i t s  va lue  a t  to. 
t o  f i n d  a sample o f  t h e  p rocess  X a t  to. 
of t ,  w e  w i l l  need t o  f i n d  samples of  t h e  p r o c e s s  

T h e r e f o r e  w e  would l i k e  

For  subsequen t  v a l u e s  

Then b y  combining these  samples as p r e s c r i b e d  i n  (l), w e  would 
o b t a i n  a sample of  t h e  random p r o c e s s  X f o r  any v a l u e  of t. 

Before proceeding  w i t h  t h e  d i s c u s s i o n  of t h e  random 
p r o c e s s ,  i t  i s  u s e f u l  t o  p o i n t  o u t  t h a t  i t  i s  D o s s i b l e  
t o  g e n e r a t e  a random v e c t o r  h a v i n g  any s p e c i f i e d  c o v a r i a n c e  
m a t r i x .  We w i l l  l a t e r  use  t h i s  f a c t  i n  f i n d i n g  a sample of  o u r  
random p r o c e s s .  I f  w e  a r e  g i v e n  any c o v a r i a n c e  m a t r i x  V (which 
i s  nxn and symmetric),  i t  i s  p o s s i b l e  to f i n d  a lower  t r i a n g u l a r  
m a t r i x  C such  t h a t  V = CC . If T 

v =  
5 2  O 2 2  

. . . .  U I n  nn (5 

and C = 

c 11 0 .  . . o  
12 2 2  C 

0 

n: . . . . .  ‘In 

*A l i n e a r  p a s s i v e  f i l t e r  i s  assumed 

~- 
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t h e n  by  m u l t i p l y i n g  CCT and s e t t i n g  t h e  i j t h  e lement  of  CC T 

e q u a l  to t h e  i j th e lement  of V, w e  o b t a i n  n! e q u a t i o n s  i n  n !  
unknowns. T h e r e f o r e  if w e  a r e  g i v e n  a c o v a r i a n c e  m a t r i x  V ,  
and w e  f i n d  the  above m a t r i x  C ,  i t  i s  p o s s i b l e  to f i n d  a random 

v e c t o r  which has c o v a r i a n c e  V. I f  w = ( 
o f  n numbers drawn independan t ly  f rom a d i s t r i b u t i o n  which i s  
normal (O,l), t h e n  i t  i s  known t h a t  t h e  d i s t r i b u t i o n  o f  w i s  
normal ( 0 , I ) .  If w e  d e f i n e  Z = Cw,  Then 

r e p r e s e n t s  a sample 

n 

Cov ( Z )  = E ( Z Z T )  = E(Cww T T  C ) = C E ( w w T ) C T  = C I C  T = V 

and t h e  d i s t r i b u t i o n  o f  Z i s  normal ( 0 , V ) .  

Now, r e t u r n i n g  t o  o u r  main problem, i n  o r d e r  to gen- 
e r a t e  a sample o f  X ( t o )  w e  w i l l  f i n d  cov ( X ( t o ) ) ,  and as above 
g e n e r a t e  a random sample w i t h  t h a t  c o v a r i a n c e .  We w i l l  a lso 
f i n d  cov ( Z ( t , t o ) )  and g e n e r a t e  a n o t h e r  random sample w i t h  t h a t  
c o v a r i a n c e .  We w i l l  t h e n  combine them as i n  (1) t o  produce a 
v e c t o r  X ( t ) .  

L L 

*Fol lows  from e q u a t i o n  (1) s i n c e  + ( t o , - m )  = 0 .  
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Up t o  now we have said n o t h i n g  abou t  t h e  random 
p r o c e s s  o ( t ) .  It i s  observed a t  t h i s  p o i n t  t ha t  i f  one wants  
o n l y  a s t a r t i n g  p o i n t  f o r  a sys t em w i t h  random i n p u t  t h e  above 
e q u a t i o n  i s  v a l i d .  For  o u r  purposes  though w e  w i l l  assume 
t h a t  q ( t )  i s  w h i t e  n o i s e ,  E ( r l ( t ) )  = 0 ,  and E ( n ( t ) ,  o ( p ) )  = 6 ( t - p ) .  
This assumpt ion  r educes  t h e  above i n t e g r a l  to 

c o v ( x ( t o ) )  = 4 ( t o , T ) G G T 4 ? t  0 , T ) d r  

I n  a similar manner we f i n d  

Thus a sample X ( t  i s  found, h a v i n g  T t s  cova r i ance  g i v e n  by Cov ( X ( t o ) ) ,  and for 0 any t i m e  t, a sample Z ( t , t o )  i s  

found hav ing  cova r i ance  Cov ( Z ( t , t o ) ) .  Then X ( t )  g i v e n  by 

i s  a sample from a process which i s  a s o l u t i o n  t o  t h e  d i f f e r e n t i a l  
e q u a t i o n  

A r e c u r s i v e  formula ,  f o r  to = 0, 1s 

X(nT) = ~ ( n T , ( n - l > T ) X ( ( n - l ) T >  t Z(nT,(n-1)T) . 
The a u t o c o r r e l a t i o n  f u n c t i o n  of y ( t )  i s  most e a s i l y  

found b y  t a k i n g  the  i n v e r s e  F o u r i e r  t r a n s f o r m  o f  S ( w ) -  

4 .  TESTING THE SIMULATION 

I n  o r d e r  to check t h e  s i m u l a t i o n  of  such  a p r o c e s s ,  
there  are s e v e r a l  sample s t a t i s t i c s  which w i l l  i n d i c a t e  whether 
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t h e  p r o c e s s  b e i n g  g e n e r a t e d  i s  i n d e e d  what w e  t h i n k  i t  i s .  
These sample s t a t i s t i c s  and t h e i r  d i s t r i b u t i o n s  are  d e r i v e d  
and d i s c u s s e d  by J. L.  S t r a n d  i n  Ref. 4 .  
which seem most u s e f u l  are  the sample mean and t h e  sample 
a u t  o c o r r e l a t i o n  m a t r i x  

The sample s t a t i s t i c s  

N-k 

v=o 
where Y i s  t h e  o u t p u t  v e c t o r  of the  p r o c e s s  b e i n g  g e n e r a t e d .  

( E ( E ) = O I  and v a r i a n c e  
The sample mean has a normal d i s t r i b u t i o n  w i t h  

N 1 
i=l 

where p(iT) r e p r e s e n t s  t h e  a u t o c o r r e l a t i o n  m a t r i x  of  Y for 
t = i T ,  i = 0 ,  1, ... N .  

f o r  s u f f i c i e n t l y  large N*, it may b e  assumed to b e  s o .  
any N, E(F(kT)) = p ( k T ) ,  and 

The sample a u t o c o r r e l a t i o n  F ( k T )  i s  n o t  normal but 
For 

v(P ' i j (kT))  = N-ktl [p ii ( 0 ) p j j ( O )  + p 2 i j ( k T )  

N-k 

where p 

m a t r i x  p .  

r e p r e s e n t s  t he  i j th  element  o f  t h e  a u t o c o r r e l a t i o n  
i j  

" C e n t r a l  l i m i t  theorem 
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T h e r e f o r e ,  f o r  s u f f i c i e n t l y  l a rge  N ,  i t  i s  p o s s i b l e  
t o  use  the  s t a n d a r d  d e v i a t i o n  of  t h e  s t a t i s t i c s  yr and F(kT)  as 
a y a r d s t i c k  t o  see how c l o s e  t h e i r  obse rved  v a l u e s  are t o  t h e i r  
d e s i r e d  v a l u e s .  
v a l i d  on ly  f o r  normal d i s t r i b u t i o n s .  

N must b e  l a r g e  s i n c e  t h i s  t y p e  o f  t e s t  i s  

5 .  EXAMPLE 

For  crew mot ion ,  i t  was i n i t i a l l y  assumed t h a t  

The a s s o c i a t e d  d i f f e r e n t i a l  e q u a t i o n  i s  

1 

n 

h - - 1  
L I 

‘lT2 / c 
T1 ‘2 

y = ( o  0 - k 
2 l x  

‘1 ‘ 2  

The t r a n s i t i o n  m a t r i x  i s  g i v e n  by  

+ C i j  exp( -  
‘ 2  

are c o n s t a n t s  which depend on ly  on T~ and 
where A i j ’  B i j ’  ‘ij 

‘2’ 
‘2- 

Af t e r  g e n e r a t i n g  t h e  s o l u t i o n  X ( t >  (for k=l , - r1=.318,  

and F ( 0 )  and t h e i r  d i s t r i b u t i o n s  for N=1000, i t  was de termined  
t h a t  t h e  s i m u l a t i o n  was a c c e p t a b l e .  
appear i n  t h e  f o l l o w i n g  t a b l e .  

- . 0 3 9 8 ,  T = . 0 1 )  and computing t h e  t e s t  s t a t i s t i c s  ; , p ( T ) ,  

The r e s u l t s  of t h e  t e s t s  
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Error i n  such  a s i m u l a t i o n ,  assuming all programming 
and hand c a l c u l a t i o n s  are c o r r e c t ,  shou ld  be due o n l y  to 
d e f i c i e n c i e s  i n  t h e  random number g e n e r a t o r .  

10  22-NIK-me f 

Attachments  
Refe rences  
Tr ia l s  

uLcr,L Qua 
N .  I. K i r k e n d a l l  
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